D-string on near horizon geometries and infinite conformal symmetry by Brandt, Friedemann et al.
ar
X
iv
:h
ep
-th
/9
80
31
96
v3
  2
0 
Ju
l 1
99
8
UB-ECM-PF-98/08, ITP-UH-04/98, UTTG-04-98
hep-th/9803196, to appear in Phys. Rev. Lett.
D-String on Near Horizon Geometries and Infinite Conformal Symmetry
Friedemann Brandt a, Joaquim Gomis b,c, Joan Simo´n b
a Institut fu¨r Theoretische Physik, Universita¨t Hannover, Appelstraße 2, D–30167 Hannover, Germany
b Departament ECM, Facultat de F´ısica, Universitat de Barcelona and Institut de F´ısica d’Altes Energies, Diagonal 647,
E-08028 Barcelona, Spain
c Theory Group, Department of Physics, University of Texas, Austin, TX 78712, USA
We show that the symmetries of effective D-string actions in constant dilaton backgrounds are
directly related to homothetic motions of the background metric. In presence of such motions,
there are infinitely many nonlinearly realized rigid symmetries forming a loop (or loop like) algebra.
Near horizon (AdS) D3 and D1+D5 backgrounds are discussed in detail and shown to provide 2d
interacting field theories with infinite conformal symmetry.
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The recent past has seen an increasing interest in
the conjecture of a correspondence between large N
limits of certain d-dimensional conformal field theories
and supergravity on the product of (d + 1)-dimensional
anti-de Sitter (AdS) space with a compact manifold
[1,2]. This suggested to consider world-volume brane
actions on near horizon backgrounds. M2, M5 and D3
branes have been studied [1,3,4] and interacting (p+ 1)-
dimensional theories in Minkowski space-time with con-
formal SO(2, p+1)×SO(d−p−1) symmetry were found
[5]. The conformal symmetries of these branes reflect the
isometries of AdSp+2 × Sd−p−2. The case of a D-string
in the near horizon geometry of a D1+D5 brane was also
considered in [5].
In this work we study the rigid symmetries of effective
D-string actions of the Born-Infeld type on curved back-
grounds with constant dilaton. We find that the sym-
metries are related with homothetic motions of the back-
ground metric. Each of these motions gives rise to in-
finitely many nonlinearly realized rigid symmetries, with
the Born-Infeld gauge field transforming in a non-trivial
way. The algebra of these symmetries is a loop general-
ization of the algebra associated with the homothetic mo-
tions. We spell out the symmetry transformations before
gauge fixing and in the static gauge for the world-sheet
diffeomorphisms. The gauged fixed transformations gen-
erate infinitely many symmetries of interacting (1+1)-
dimensional field theories in a flat space-time.
We then specify these general results for particularly
interesting D3 and D1+D5 brane backgrounds and show
that the gauge fixed field theories in the respective near
horizon (AdS) backgrounds have infinite conformal sym-
metry. In the case of the D3 background the symme-
try group is a loop generalization of ISO(1, 3)× SO(6).
In the near horizon limit there is an enhancement of
the symmetry to the loop generalization of conformal
SO(2, 4) × SO(6) due to the AdS geometry. The sym-
metry group contains as a subgroup a loop version of
conformal SO(2, 2) with nonlinearly realized special con-
formal transformations.
In the case of a D-string on a near horizon D1+D5
background we get an interacting theory with infinite
conformal SO(2, 2) × SO(4) × ISO(4) loop symmetry.
The zero modes of the loop algebra reproduce the corre-
sponding results of [5].
We remark that these structures are not restricted to
Dirac-Born-Infeld actions. Rather, they are present in a
more general set of models studied here. Hence, in ap-
propriate backgrounds one gets a set of conformal field
theories. This does not exclude that kappa-invariant ex-
tensions of our formulation and/or T-duality properties
may select the Dirac-Born-Infeld action.
It is natural to wonder how these results extend to Dp-
branes with p > 1. This is not known; a complete classi-
fication of the symmetries for p > 1 has not been carried
out so far. Of course, the presence of infinitely many
symmetries may well be restricted to the case p = 1, as
the two-dimensional case is often special. On the other
hand, the presence of a Kac-Moody version of the con-
formal group SO(2, 4) for D3 branes in the near horizon
geometry has been conjectured recently in [8] and would
be reminiscent of our result for p = 1. Work in this
direction is in progress.
Symmetries and homothetic motions. The effective
Born-Infeld actions for D-strings considered here can be
cast in a form similar to the familiar sigma model for-
mulation of the Nambu-Goto action. In this form they
are contained in a more general class of models with an
action of the form
S =
1
2
∫
d2σ {√γ γµνf(ϕ) gmn(x)∂µxm∂νxn
+ǫµν [bmn(x)∂µx
m∂νx
n +D(ϕ)Fµν ]} (1)
where γµν is an auxiliary world-sheet metric, ϕ is an aux-
1
iliary scalar field, ǫµν the usual Levi-Civita tensor den-
sity, and Fµν = ∂µAν−∂νAµ is an abelian field strength.
gmn and bmn are to be thought of as target space metric
and 2-form respectively. We do not impose restrictions
on f andD apart from f,D 6= constant, but we note that
one of them may be chosen conveniently (only the rela-
tive choice of f and D characterizes a particular model).
Born-Infeld actions arise for
f2(ϕ)−D2(ϕ) = 1. (2)
Indeed, eliminating the auxiliary fields γµν and ϕ using
the equations of motion, the Lagrangian turns for (2) into
LBI =
√− det(Gµν + Fµν) + 12ǫµνBµν
Gµν = gmn(x)∂µxm∂νxn, Bµν = bmn(x)∂µxm∂νxn. (3)
This represents Born-Infeld models with a “WZ-term”
determined by bmn and a constant dilaton which may be
made explicit by rescaling gmn and Aµ. More general
Born-Infeld models, in particular models with noncon-
stant dilaton, can also be cast in a sigma model form
[6,7], but are not considered here.
In [7] we have shown among others that all the rigid
symmetries of actions (1) (and generalizations thereof)
are determined by generalized Killing vector equations.
An analysis of these equations, similar to the one per-
formed for the example treated in [6], shows that the
rigid symmetries of models (1) are generated by
∆xm = ξmi (x)λ
i(ϕ), ∆γµν = 0,
∆ϕ = Ki λ
i(ϕ) f(ϕ)/f ′(ϕ),
∆Aµ = (1/D
′)[f
√
γ ǫµνγ
ν̺gmn(∆x
n)′∂̺x
m
+(bnm∆x
n + λiqmi)
′∂µx
m −Aµ(D′∆ϕ)′]. (4)
Here prime denotes differentiation with respect to ϕ, the
λi(ϕ) are arbitrary functions of ϕ, and {ξmi (x), qmi(x)}
denotes a complete set of inequivalent solutions of
Li gmn(x) = −Ki gmn(x), Ki = constant (5)
Li bmn(x) = ∂nqmi(x) − ∂mqni(x) (6)
where Li is the Lie derivative along ξi. Using (5) and (6),
it is not difficult to verify that the above transformations
∆ generate indeed symmetries of an action (1).
The symmetries of Born-Infeld actions (3) are obtained
from the above formulas by eliminating the auxiliary
fields γµν and ϕ, resulting in
∆xm = ξmi (x)λ
i(F)
∆Aµ =
[
Vµi(1−F2) +Wµi(1−F2)3/2
] dλi(F)
dF
+AµKi
[
F−2 − 2 + (F − F−1) d
dF
]
λi(F) (7)
where
Vµi = −
√G ǫµνGν̺ξmi (x)gmn(x)∂̺xn
Wµi = [bmn(x)ξ
n
i (x)− qmi(x)]∂µxm
F = 1
2
G−1/2ǫµνFµν , G = − det(Gµν). (8)
Let us now comment on the nature of the above sym-
metries. The occurrence of arbitrary functions λi(ϕ) in
(4) implies that each nontrivial solution to (5) and (6)
gives rise to infinitely many rigid symmetries. Equation
(5) defines so-called homothetic motions of gmn and the
Ki are called homothetic constants [9]. Homothetic mo-
tions with nonvanishing homothetic constants are called
proper because the others are just isometries of the met-
ric. One can always choose a basis of homothetic motions
such that at most one of them is proper. Without loss of
generality, we can thus use i = 1, 2, . . . for isometries of
the metric, reserve i = 0 for a proper homothetic motion
(if any), and normalize ξ0 such that Ki = δ
0
i .
The commutator of a proper homothetic motion and
an isometry of the metric is always again an isometry, as
(5) implies [L0,Li]gmn = 0. The algebra of homothetic
motions is thus of the form
[Li,Lj ] = cijkLk , [L0,Li] = cijLj (i, j, k ≥ 1) (9)
where cij
k and ci
j are structure constants.
The presence of arbitrary functions of ϕ in (4) (which
turn into functions of F upon elimination of ϕ) implies
that the algebra of the corresponding symmetries is a
loop version of (9), the role of the loop variable being
played by ϕ (or a function thereof). This is seen by ex-
panding the functions λi in a suitable basis for functions
of ϕ. A particularly nice form of the algebra emerges in a
basis consisting of powers of the function f(ϕ) occurring
in (1). We denote the corresponding basis of symmetries
by {∆αi } where α indicates the power of f(ϕ),
∆αi x
m = −ξmi (x)fα(ϕ), ∆αi ϕ = −δ0i
fα+1(ϕ)
f ′(ϕ)
. (10)
It is now straightforward to verify that in this basis the
symmetry algebra reads on xm and ϕ
[∆αi ,∆
β
j ] = cij
k∆α+βk (i, j, k ≥ 1) (11)
[∆α0 ,∆
β
i ] = (ci
j − βδji )∆α+βj (i, j ≥ 1) (12)
[∆α0 ,∆
β
0 ] = (α− β)∆α+β0 . (13)
Note that (11) is a loop algebra associated with the
isometries of the metric. Hence, if there is no proper
homothetic motion, the symmetry algebra is a true loop
algebra. In presence of a proper homothetic motion, it
turns into the semidirect sum of the loop algebra (11)
and the Witt algebra (13). We note that in general the
algebra has on Aµ the above form only up to gauge trans-
formations and on-shell trivial symmetries.
2
D3 and D1+D5 backgrounds. We treat now two partic-
ularly interesting curved backgrounds and give the sym-
metry transformations before gauge fixing.
First we consider a D3-brane supergravity background
with target space metric and 2-form given by
ds2 = H−1/2ηabdx
adxb +H1/2δABdx
AdxB
bmn = 0, H = 1 + (R/r)
4 (14)
where r2 = δABx
AxB, a = 0, . . . , 3 and A = 4, . . . , 9.
The rigid symmetries are obtained from (4) by solving
(5) and (6). Due to bmn = 0, the solution of (6) is trivial,
i.e. we can choose qmi = 0 without loss of generality. An
analysis of (5) shows that in this case we have Ki = 0,
i.e., there is no proper homothetic motion. Hence, the
solutions of (5) are exhausted by the Killing vector fields
of the metric in (14). The latter correspond to Poincare´
transformations in the 4-space parallel to the D3 brane,
and rotations in the transverse directions. The symmetry
transformations of ϕ and xm read thus in this case
∆xa = λa(ϕ) + λab(ϕ)ηbcx
c, λab = −λba
∆xA = λAB(ϕ)δBCx
C , λAB = −λBA
∆ϕ = 0. (15)
The transformations of Aµ are then obtained from (4).
(15) implies that the symmetry group is in this case a
loop version of ISO(1, 3)× SO(6).
Next we discuss the near horizon geometry of (14) due
to its importance for the conjectures in [1]. Close to
the horizon (r → 0) one can neglect the constant in the
harmonic function H and ends up with
(ds2)hor. =
r2
R2
ηabdx
adxb +
R2
r2
δABdx
AdxB . (16)
Again one finds that the solutions of (5) are exhausted by
the Killing vector fields. However, the asymptotic metric
has more isometries than the original one,
∆xa = λa(ϕ) + λab(ϕ)ηbcx
c + λD(ϕ)x
a
−2λbS(ϕ)ηbcxaxc + λaS(ϕ)(ηbcxbxc +R4r−2)
∆xA = [2λaS(ϕ)ηabx
b − λD(ϕ)]xA + λAB(ϕ)δBCxC
∆ϕ = 0. (17)
The additional isometries, corresponding to λD and λS ,
are indeed reminiscent of dilatations and special con-
formal transformations in (1+3)-dimensional flat space.
The symmetry group is now a loop version of SO(2, 4)×
SO(6). This symmetry enhancement originates from the
anti-de Sitter geometry and corresponds to the super-
symmetry enhancement discussed in [10].
Finally, we consider the near horizon geometry of a
D1+D5 supergravity background. The target space met-
ric and 2-form are given by
ds2 =
r2
R1R5
ηµνdx
µdxν +
R1
R5
δabdx
adxb
+
R1R5
r2
δABdx
AdxB
b =
r2
R21
dx0 ∧ dx1 + 2R25 sin2 θ1 sin θ2θ3dθ1 ∧ dθ2 (18)
where r2 = δABx
AxB , µ = 0, 1, a = 2, . . . , 5, A = 6, . . . , 9
and the θi are spherical coordinates for the x
A as in [5].
Again there are no proper homothetic motions, i.e. the
solutions of (5) are exhausted by the Killing vector fields
of the metric in (18). The 2-form b is not invariant under
all these isometries but it is still invariant up to exact
forms, as required by (6). The symmetries form a loop
version of SO(2, 2)× SO(4)× ISO(4) through
∆xµ = λµ(ϕ) + λµν(ϕ)ην̺x
̺ + λD(ϕ)x
µ
+λνS(ϕ)[δ
µ
ν (η̺σx
̺xσ +R21R
2
5r
−2)− 2ην̺xµx̺]
∆xA = [2λµS(ϕ)ηµνx
ν − λD(ϕ)]xA + λAB(ϕ)δBCxC
∆xa = λa(ϕ) + λab(ϕ)δbcx
c, ∆ϕ = 0 (19)
where λmn = −λnm. The corresponding transformations
∆Aµ are obtained from (4), with qµi = qai = 0 and
λiqAi = 2λ
ν
Sǫνµx
µδABx
BR25r
−2
+ λBCxD(bABδCD − 12ǫABCDR25r−2). (20)
2d conformal field theories. We now discuss the in-
teracting conformal field theories obtained in the static
gauge xµ = σµ (µ = 0, 1) for world-sheet diffeomor-
phisms. Before eliminating the auxiliary fields γµν and
ϕ, the action in the static gauge is thus a functional of
{φ} = {Aµ, γµν , ϕ, x2, x3, . . .}.
This action is of course not invariant anymore under the
transformations ∆ given above. Rather it is invariant
under particular combinations of these transformations
and compensating world-sheet diffeomorphisms preserv-
ing the static gauge. These combinations are
δφ = Lǫφ− [∆φ]xµ=σµ , ǫµ = [∆xµ]xµ=σµ (21)
where Lǫ is the world-sheet Lie derivative along ǫµ. The
algebra of the δ’s coincides with the algebra of ∆’s.
Hence, only the realization of these symmetries changes,
but not the corresponding symmetry group.
Let us now illustrate this procedure for the near hori-
zon D3-brane supergravity background (16). The corre-
sponding action (1) reads in the static gauge
S =
1
2
∫
d2σ
{√
γ γµνf(ϕ) r2R−2[ηµν + δaˆbˆ∂µx
aˆ∂νx
bˆ
+R4r−4δAB∂µx
A∂νx
B ] + ǫµνD(ϕ)Fµν
}
(22)
where aˆ, bˆ = 2, 3 correspond to the parallel D3-brane
directions which have not been gauge fixed. The sym-
metries of (22) are now obtained from (21) using (4) and
3
(17). For instance, a dilatation symmetry correspond-
ing to λD involves a compensating diffeomorphism with
parameter ǫµD = λD(ϕ)σ
µ and is now realized by
δDx
aˆ = ǫµD∂µx
aˆ − λD(ϕ)xaˆ
δDx
A = ǫµD∂µx
A + λD(ϕ)x
A
δDϕ = ǫ
µ
D∂µϕ
δDγµν = ǫ
̺
D∂̺γµν + γ̺ν∂µǫ
̺
D + γµ̺∂νǫ
̺
D
δDAµ = ǫ
̺
D∂̺Aµ +A̺∂µǫ
̺
D
−λ′D(ϕ)f(ϕ)[D′(ϕ)]−1
√
γ ǫµνγ
ν̺R−2r2 ×
[η̺σσ
σ + δaˆbˆx
aˆ∂̺x
bˆ − r−4R4δABxA∂̺xB]. (23)
These transformations generate symmetries of (22) for
any choice of λD(ϕ). This includes dilatations of the
standard form for the special choice λD = 1,
λD = 1 : δDφ = σ
µ∂µφ+ w(φ)φ, (24)
where the Weyl weights w(φ) are given by
w(xaˆ) = −1, w(xA) = w(Aµ) = 1, w(ϕ) = 0, w(γµν) = 2.
Analogously one determines the other symmetries in the
static gauge. Altogether they form, as before, a loop
generalization of SO(2, 4)×SO(6) with a loop version of
conformal SO(2, 2) as a subgroup. This subgroup cor-
responds to λµ, λµν , λD and λ
µ
S , and the parameters of
the compensating world-sheet diffeomorphisms for this
subgroup are thus
ǫµC = λ
µ(ϕ) + λD(ϕ)σ
µ + [λµν(ϕ)− 2σµλνS(ϕ)]ην̺σ̺
+λµS(ϕ)(σ
νσ̺ην̺ + x
aˆxbˆδaˆbˆ +R
4r−2). (25)
The corresponding conformal transformations of xaˆ, xA
and ϕ can be written compactly as
δCx
aˆ = ǫµC∂µx
aˆ − 1
2
(∂exp.µ ǫ
µ
C)x
aˆ
δCx
A = ǫµC∂µx
A + 1
2
(∂exp.µ ǫ
µ
C)x
A
δCϕ = ǫ
µ
C∂µϕ (26)
where ∂exp.µ denotes differentiation only with respect to
explicit σµ. Note that even the zero modes of the special
conformal transformations (λµS = constant) are nonlin-
early realized.
If we consider (22) in the Born-Infeld action case and
expand in low velocities we get
LBI =
r2
R2
+
r2
2R2
δaˆbˆ∂
µxaˆ∂µx
bˆ
+
R2
2r2
δAB∂
µxA∂µx
B +
R2
4r2
FµνFµν + . . . (27)
where µ, ν are raised with ηµν .
The case of a D-string in the near horizon D1+D5 su-
pergravity background (18) is treated analogously. The
resulting symmetry transformations establish a loop gen-
eralization of the conformal SO(2, 2)× SO(4) × ISO(4)
symmetry found in [5]. The Weyl weights are again easily
obtained from the special dilatation with λD = 1 which
has again the form (24) and yields
w(xA) = w(Aµ) = 1, w(x
a) = w(ϕ) = 0, w(γµν) = 2.
Comments. The symmetries of D-string actions de-
scribed above may be viewed as generalizations of the
familiar target space symmetries of the string. There are
two important differences to the string case which are
both direct consequences of the presence of the Born-
Infeld gauge field. First, each target space symmetry
gives rise to a family of infinitely many symmetries of the
D-string action, whereas it yields only one rigid symme-
try of the (Nambu-Goto or Polyakov) string action. Sec-
ond, there is an additional infinite family of symmetries
of the D-string action if the target space metric admits
a proper homothetic motion. The latter are dilatational
symmetries without any counterpart in the string case
(see [6] for an example).
We stress that all these infinitely many symmetries are
present in addition to the world-sheet symmetries and
must not be confused with the latter. Indeed, the action
(1) is of course also gauge invariant both under world-
sheet diffeomorphisms and under Weyl-transformations
of γµν , as its string counterpart, the Polyakov action. In
particular, one may consider the action (1) in a confor-
mal gauge for these world-sheet symmetries (rather than
in the static gauge considered above). That action has
infinitely many conformal world-sheet symmetries on top
of the symmetries discussed above. In particular it may
thus serve as a starting point for quantization, along the
lines of string quantization based on the Polyakov action
in a conformal gauge.
Acknowledgements. We thank Paul Townsend, An-
toine van Proeyen and J.M. Mart´ın Senovilla for discus-
sions. This work was supported in part by NSF grant
PHY-9511632, the Robert A. Welch Foundation AEN95-
0590 (CICYT), GRQ93-1047 (CIRIT) and by the Com-
mission of European Communities CHRX93-0362(04).
FB was supported by the Deutsche Forschungsgemein-
schaft.
[1] J. Maldacena, hep-th/9711200.
[2] E. Witten, hep-th/9802150.
[3] P. Claus, R. Kallosh and A. Van Proeyen, Nucl. Phys.
B518 (1998) 117.
[4] R. Kallosh, J. Kumar and A. Rajaraman, Phys. Rev.
D57 (1998) 6452.
[5] P. Claus, R. Kallosh, J. Kumar, P.K. Townsend and A.
van Proeyen, hep-th/9801206.
4
[6] F. Brandt, J. Gomis and J. Simo´n, Phys. Lett. B419
(1998) 148.
[7] F. Brandt, J. Gomis and J. Simo´n, hep-th/9712125, Nucl.
Phys. B (to appear).
[8] S. Gubser, I. Klebanov and A. Polyakov, hep-th/9802109.
[9] K. Yano, The theory of Lie derivatives and its applica-
tions, North-Holland Publishing Co. (1955).
[10] G. Gibbons, Nucl.Phys. B207 (1982) 337; R. Kallosh
and A. Peet, Phys. Rev. D46 (1992) 5223; G. Gibbons
and P.K. Townsend, Phys. Rev. Lett. 71 (1993) 3754.
5
